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Communicated by M. V. Volkov
Abstract
We consider two relations on a ∩-semigroup of partial functions on a
given set: the inclusion of domains and semiadjacency (i.e., the inclu-
sion of the image of the first function in the domain of the second).
These are characterized from an abstract point of view via a system of
elementary axioms, i.e., conditions expressed in the language of pure
predicate calculus with equality.
Keywords : Semigroup; Semigroup of transformations; Algebra of func-
tions; Semiadjacency relation
1. Let F(A) be the set of all transformations (i.e., the partial maps)
of a non-empty set A. The composition of such maps is defined as
(g ◦ f)(a) = g(f(a)), where for every a ∈ A the left and right hand sides are
defined, or undefined, simultaneously (cf. [1]). If a set Φ ⊂ F(A) is closed
under the composition, then the algebra (Φ, ◦) is called a semigroup of trans-
formations (cf. [10]) since the composition is an associative operation. If Φ is
also closed under the set-theoretic intersection ∩ of transformations treated
as subsets of A × A, then the algebra (Φ, ◦,∩) is called a ∩-semigroup of
transformations. The first abstract characterization of such semigroups was
found by Garvatski˘ı [5]. This characterization is based on the method of
determining pairs proposed by Schein [8].
If (G, ·) is a semigroup, then, as usual, G1 denotes G whenever (G, ·)
possesses an identity element and G1 = G ∪ {e} otherwise; in the latter
case the multiplication · is extended to G1 such that e becomes an identity
element.
The main results obtained by Garvatski˘ı are presented in the following
two theorems.
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Theorem 1. An algebra (G, ·,∧) is isomorphic to some ∩-semigroup of
transformations if and only if (G, ·) is a semigroup, (G,∧) is a semilattice
and
x(y ∧ z) = xy ∧ xz, (1)
(x ∧ y ∧ z)u ∧ (y ∧ z)v = (x ∧ y)u ∧ (y ∧ z)v (2)
for all x, y, z ∈ G and u, v ∈ G1.
Theorem 2. An algebra (G, ·,∧) is isomorphic to some ∩-semigroup of
invertible (i.e., one-to-one) transformations if and only if (G, ·) is a semi-
group, (G,∧) is a semilattice, the operation · distributes over the operation
∧ on the left and on the right and the equality
xv ∧ uv ∧ uy ∧ xy = xv ∧ uv ∧ uy, (3)
is satisfied for all x, y, u, v ∈ G1 such that xv, uv, uy, xy ∈ G.
2. Let (G, ·) be a semigroup, ρ a binary relation on G, i.e., ρ ⊂ G ×G.
Following [1, 10] we say that this relation is:
• stable if (x, y), (u, v) ∈ ρ implies (xu, yv) ∈ ρ for all x, y, u, v ∈ G;
• left regular if (u, v) ∈ ρ implies (xu, xv) ∈ ρ for any x, u, v ∈ G;
• right regular if (x, y) ∈ ρ implies (xu, yu) ∈ ρ for all x, y, u ∈ G;
• left ideal if (x, y) ∈ ρ implies (ux, y) ∈ ρ for any x, y, u ∈ G;
• right negative if (x, yu) ∈ ρ implies (x, y) ∈ ρ for all x, y, u ∈ G.
A reflexive and transitive binary relation is called a quasi-order. It is
clear that a quasi-order is stable if and only if it is left and right regular.
Also it is not difficult to see that a quasi-order ρ on a semigroup (G, ·) is
right negative if (xy, x) ∈ ρ holds for all x, y ∈ G.
3. Let (Φ, ◦) be a semigroup of transformations. We will consider three
relations ζΦ, χΦ and δΦ on the set Φ, defined as follows:
ζΦ = {(f, g) | f ⊂ g},
χΦ = {(f, g) |pr1f ⊂ pr1g},
δΦ = {(f, g) |pr2f ⊂ pr1g},
where pr1f and pr2f denote the domain and the image of f , respectively.
The first relation is called the fundamental order, the second is the projection
quasi-order, the third is the semiadjacency relation on Φ.
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Proposition 1. For any f, g ∈ Φ we have
(f, g) ∈ δΦ ←→ (f, g ◦ f) ∈ χΦ. (4)
Proof. Let (f, g) ∈ δΦ, i.e., pr2f ⊂ pr1g. Then f
−1(pr2f) ⊂ f
−1(pr1g),
whence, in view of f−1(pr2f) = pr1f and f
−1(pr1g) = pr1(g ◦ f), we obtain
pr1f ⊂ pr1(g ◦ f). Thus, (f, g ◦ f) ∈ χΦ.
Conversely, if pr1f ⊂ pr1(g ◦ f) and b ∈ pr2f , then (a, b) ∈ f for some
a ∈ A. But a ∈ pr1f , so a ∈ pr1(g ◦ f). Consequently, (a, d) ∈ f and
(d, c) ∈ g for some d ∈ A. Since f is a transformation, from (a, b) ∈ f and
(a, d) ∈ f it follows b = d. Thus, (b, c) ∈ g, which implies b ∈ pr1g. So, we
have shown that pr2f ⊂ pr1g, that is, (f, g) ∈ δΦ.
Proposition 2. In a semigroup (Φ, ◦) the relation δΦ is left ideal.
Proof. Let f, g, u ∈ Φ and (f, g) ∈ δΦ. Then pr2f ⊂ pr1g. Since pr2(f ◦u) ⊂
pr2f , we have pr2(f ◦u) ⊂ pr1g. Thus (f ◦u, g) ∈ δΦ. So, δΦ is left ideal.
According to [10] semigroups of the form (Φ, ◦, ζΦ) are called ordered
semigroups of transformations, semigroups of the form (Φ, ◦, ζΦ, χΦ) are
called projection ordered semigroups of transformations. Abstract charac-
terizations of these semigroups are given in [10]. Semigroups of the form
(Φ, ◦,∩, χΦ) are called projection ∩-semigroups of transformations. These
semigroups are a special case of projection quasi-ordered ∩-Menger algebras
of n-place functions (cf. [3]) isomorphic to some Menger algebras of rank
n (cf. also [2] and [4]). The first abstract characterization of such Menger
∩-algebras of n-place functions was announced (without proof) in [12]. The
full proof of this result can be found in the monograph [3] (see Theorem
3.4.2). Putting in this theorem n = 1 we obtain the following statement.
Theorem 3. An algebraic system (G, ·,∧,⊏), where (G, ·) is a semigroup,
(G,∧) is a semilattice, ⊏ is a binary relation on G, is isomorphic to some
projection ∩-semigroup of transformations if and only if ⊏ is a left regular
and right negative quasi-order containing the semilattice order 6 (defined by
x 6 y ←→ x ∧ y = x) and the identity (1) and the conditions
x ⊏ x ∧ y −→ x 6 y, (5)
(x ∧ y)u 6 yu, (6)
x ⊏ y ∧ z & x ⊏ (z ∧ v)u −→ x ⊏ (y ∧ z ∧ v)u (7)
are satisfied for all x, y, z, v ∈ G and u ∈ G1.
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In the same manner, from the results proved in [3] we obtain:
Theorem 4. An algebraic system (G, ·,∧,⊏), where (G, ·) is a semigroup,
(G,∧) is a semilattice, ⊏ is a binary relation on G, is isomorphic to some
projection ∩-semigroup of invertible transformations if and only if it satisfies
the identity
(x ∧ y)z = xz ∧ yz (8)
and all conditions of Theorem 3.
4. The semiadjacency relation was first described on semigroups of
transformations. Namely, in [7] transformation semigroup of the form
(Φ, ◦, δΦ) are characterized by some essentially infinite system of elemen-
tary axioms. Ordered and projection ordered semigroups of transformations
equipped with the semiadjacency relation are characterized in [6]. Here we
characterize ∩-semigroups of transformations of the form (Φ, ◦,∩, δΦ) and
(Φ, ◦,∩, χΦ, δΦ).
Theorem 5. An algebraic system (G, ·,∧,⊏,⊢), where (G, ·) is a semigroup,
(G,∧) is a semilattice, ⊏, ⊢ are binary relations on G, is isomorphic to some
projection ∩-semigroup (Φ, ◦,∩, χΦ, δΦ) of transformations if and only if all
conditions of Theorem 3 are satisfied and the equivalence
x ⊢ y ←→ x ⊏ xy, (9)
holds for all x, y ∈ G.
Proof. The necessity of these conditions follows from our Theorem 3 and
from condition (4) of Proposition 1.
To prove the sufficiency of these conditions we assume that (G, ·,∧,⊏,⊢)
satisfies all conditions mentioned in Theorem 5. Since the conditions of The-
orem 3 are satisfied, (G, ·,∧,⊏) is isomorphic to a projection ∩-semigroup
(Φ, ◦,∩, χΦ) of transformations. Let P : G→ Φ be this isomorphism. Thus,
we have
P (g1g2) = P (g2) ◦ P (g1),
P (g1 ∧ g2) = P (g1) ∩ P (g2),
g1 ⊏ g2 ←→ (P (g1), P (g2)) ∈ χΦ
for any g1, g2 ∈ G. The last, together with (9), shows that x ⊢ y is equiv-
alent to (P (x), P (xy)) ∈ χΦ, i.e., to (P (x), P (y) ◦ P (x)) ∈ χΦ. Hence, by
Proposition 1, we get (P (x), P (y)) ∈ δΦ. So,
x ⊢ y ←→ (P (x), P (y)) ∈ δΦ.
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Therefore P is an isomorphism of (G, ·,∧,⊏,⊢) onto a projection ∩-
semigroup (Φ, ◦,∩, χΦ, δΦ) of transformations.
Similarly, we can prove the following theorem:
Theorem 6. An algebraic system (G, ·,∧,⊏,⊢), where (G, ·) is a semigroup,
(G,∧) is a semilattice, ⊏, ⊢ are binary relations on G, is isomorphic to some
projection ∩-semigroup (Φ, ◦,∩, χΦ, δΦ) of invertible transformations if and
only if (9) and all conditions of Theorem 4 are satisfied.
5. Let (G, ·,∧,⊢) be an algebraic system such that (G, ·) is a semigroup,
(G,∧) is a semilattice, ⊢ is a left ideal relation on a semigroup (G, ·), and the
conditions (1), (5), (6) are satisfied. For brevity, the formula x ⊢ y & xy 6 z
will be denoted by x⊡ y 6 z. By G∗ we denote the set G ∪ {e}, where e is
some element, not belonging to G, such that (by definition) ee = e, e 6 e,
e ⊢ e, ex = xe = x and x ⊢ e for all x ∈ G.
Definition 1. A subset H ⊂ G is called f -closed if
(u ∧ v ∧ w)x⊡ y 6 zt & (u ∧ v ∈ H) & ((v ∧ w)x ∈ H) −→ z ∈ H (10)
for any x, y, t ∈ G∗ and z, u, v, w ∈ G.
The smallest f -closed subset of G containing H ⊂ G is denoted by
f(H). It can be characterized by sets of the form Fn(H) defined as follows:
F0(H) = H,
F1(H) = {z | (∃u, v, w, x, y, t)
(
(u∧v∧w)x⊡y 6 zt &
(
u∧v ∈ H
)
&
(
(v∧w)x ∈ H
)}
,
where z, u, v, w ∈ G, x, y, t ∈ G∗, and Fn(H) = F1(Fn−1(H)) for every
n > 1.
Lemma 1. H ⊂ F1(H) for every subset H of G and H = F1(H) for every
f -closed subset H of G.
Proof. Since G ⊂ G∗, for any z ∈ H ⊂ G we have (z ∧ z ∧ z)e ⊡ e 6 ze,
z ∧ z ∈ H and (z ∧ z)e ∈ H. Hence z ∈ F1(H). So, H ⊂ F1(H).
If H is f -closed and z ∈ F1(H), then (u ∧ v ∧ w)x ⊡ y 6 zt, u ∧ v ∈ H
and (v ∧ w)x ∈ H for some u, v, w ∈ G, x, y, t ∈ G∗. Hence, by (10), we
obtain z ∈ H. So, F1(H) ⊂ H. This completes the proof.
Corollary 1. H = F0(H) ⊂ F1(H) ⊂ F2(H) ⊂ F3(H) ⊂ . . . for every
subset H of G.
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Proposition 3. f(H) =
⋃
n∈N
Fn(H) for any H ⊂ G, where N is the set of
non-negative integers.
Proof. Let (u∧ v∧w)x⊡ y 6 zt, u∧ v ∈
⋃
n∈N
Fn(H) and (v∧w)x ∈
⋃
n∈N
Fn(H).
Then u ∧ v ∈ Fn1(H) and (v ∧ w)x ∈ Fn2(H) for some n1, n2. Let m =
max{n1, n2}. Since Fni(H) ⊂ Fm(H), i = 1, 2, we have
(u ∧ v ∧ w)x⊡ y 6 zt & (u ∧ v ∈ Fm(H)) &
(
(v ∧ w)x ∈ Fm(H)
)
,
which implies z ∈ Fm(H) ⊂
⋃
n∈N
Fn(H). This proves that
⋃
n∈N
Fn(H) is
f -closed. Since H ⊂
⋃
n∈N
Fn(H) by Corollary 1, it follows that f(H) ⊂⋃
n∈N
Fn(H) by the minimality of f(H). But, as it is not difficult to see,
F1(A) ⊂ F1(B) for A ⊂ B ⊂ G, which together with Lemma 1 implies
F1(H) ⊂ F1(f(H)) = f(H). Similarly, F2(H) ⊂ f(H) and so on. Hence,⋃
n∈N
Fn(H) ⊂ f(H), which completes the proof. 
Using the method of mathematical induction we can prove the following
proposition.
Proposition 4. For each subset H of the algebraic system (G, ·,∧,⊢) and
each natural number n > 1 an element z ∈ G belongs to Fn(H) if and only
if the system of conditions
(u1 ∧ v1 ∧ w1)x1 ⊡ y1 6 zt1,
2n−1−1∧
i=1
(
(u2i ∧ v2i ∧ w2i)x2i ⊡ y2i 6 (ui ∧ vi)t2i,
(u2i+1 ∧ v2i+1 ∧ w2i+1)x2i+1 ⊡ y2i+1 6 (vi ∧wi)xit2i+1
)
,
2n−1∧
i=2n−1
(ui ∧ vi, (vi ∧ wi)xi ∈ H)


(11)
is satisfied for some xi, yi, ti ∈ G
∗ and ui, vi, wi ∈ G.
Proposition 5. In a ∩-semigroup (Φ, ◦,∩, δΦ) of transformations for any
subset HΦ ⊂ Φ and any ϕ ∈ f(HΦ) we have
⋂
ϕi∈HΦ
pr1ϕi ⊂ pr1ϕ.
Proof. First of all, we prove that the implication
ϕ ∈ Fn(HΦ) −→
⋂
ϕi∈HΦ
pr1ϕi ⊂ pr1ϕ (12)
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is true for every n ≥ 0. For simplicity we denote the intersection
⋂
ϕi∈HΦ
pr1ϕi
by A.
For n = 0 this implication is obvious. Assume that it is true for some n.
We prove that it is true for n+1. For this, select an arbitrary ϕ ∈ Fn+1(HΦ).
Then, according to the definition of Fn+1(H), for some h, f, g, p, s, r ∈ Φ we
have (h ◦ (f ∩ g ∩ r), p) ∈ δΦ, p ◦ h ◦ (f ∩ g ∩ r) ⊂ s ◦ ϕ, f ∩ g ∈ Fn(HΦ)
and h ◦ (g ∩ r) ∈ Fn(HΦ). From f ∩ g ∈ Fn(HΦ) it follows A ⊂ pr1(f ∩ g).
Similarly, h ◦ (g ∩ r) ∈ Fn(HΦ) implies A ⊂ pr1(h ◦ (g ∩ r)). The condition
(h ◦ (f ∩ g ∩ r), p) ∈ δΦ means that pr2(h ◦ (f ∩ g ∩ r)) ⊂ pr1p, whence,
according to (4), we obtain pr1(h ◦ (f ∩ g ∩ r)) ⊂ pr1(p ◦ h ◦ (f ∩ g ∩ r)).
Analogously p◦h◦(f ∩g∩r) ⊂ s◦ϕ gives pr1(p◦h◦(f ∩g∩r)) ⊂ pr1(s◦ϕ).
So, pr1(h ◦ (f ∩ g ∩ r)) ⊂ pr1(s ◦ ϕ) ⊂ pr1ϕ.
Next, from A ⊂ pr1(f ∩ g) and A ⊂ pr1(h ◦ (g ∩ r)) we obtain
A = ∆pr1(f∩g)(A) ⊂ ∆pr1(f∩g)(pr1(h ◦ (g ∩ r))) =
pr1
(
(h ◦ (g ∩ r)) ◦∆pr1(f∩g)
)
= pr1(h ◦ (f ∩ g ∩ r)),
where ∆pr1(f∩g) is the identity transformation on the set pr1(f ∩ g).
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Thus, A ⊂ pr1ϕ. So, the implication (12) is true for n+1. Consequently,
it is true for all n ≥ 0.
Let now ϕ ∈ f(HΦ), then, according to Proposition 3, there is n such
that ϕ ∈ Fn(HΦ), whence, applying (12), we deduce A ⊂ pr1ϕ.
Proposition 6. A subset H of the algebra (G, ·,∧,⊢) is f -closed if and only
if it satisfies following four conditions:
xy ∈ H −→ x ∈ H, (13)
g1 ⊢ g2 & g1 ∈ H −→ g1g2 ∈ H, (14)
g1 ∧ g2 = g1 ∈ H −→ g2 ∈ H, (15)
g1 ∧ g2 ∈ H & (g2 ∧ g3)h ∈ H −→ (g1 ∧ g2 ∧ g3)h ∈ H, (16)
for all x, y, g1, g2, g3 ∈ G, h ∈ G
∗.
Proof. Let H be an f -closed subset of G. Then, according to the definition,
(u ∧ v ∧ w)x ⊢ y & (u ∧ v ∧w)xy 6 zt,
u ∧ v ∈ H & (v ∧ w)x ∈ H
}
−→ z ∈ H, (17)
where x, y, t ∈ G∗, z, u, v ∈ G.
1This means that ∆pr
1
(f∩g) = {(a, a) | a ∈ pr1(f ∩ g)}.
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Putting in this formula u = v = w = xy, x = y = e, t = y and z = x, we
obtain the implication
(xy ∧ xy ∧ xy)e ⊢ e & (xy ∧ xy ∧ xy)ee 6 xy,
xy ∧ xy ∈ H & (xy ∧ xy)e ∈ H
}
−→ x ∈ H,
i.e., the implication xy ⊢ e & xy 6 xy & xy ∈ H −→ x ∈ H. Since xy ⊢ e
and xy 6 xy are always true, the above means that xy ∈ H −→ x ∈ H. So,
(13) is valid for any f -closed subset H.
In a similar way putting in (17) u = v = w = g1, x = e, y = g2, t = e,
z = g1g2, we obtain (14), putting u = v = w = g1, x = y = t = e, z = g2, we
obtain (15). Next, putting u = g1, v = g2, w = g3, y = e, z = (g1∧g2∧g3)h,
t = e, we get (16). So, every f -closed subset H satisfies (13)–(16).
Conversely, let (13)–(16) and the premise of (17) be satisfied. Then,
from u ∧ v ∈ H and (v ∧ w)x ∈ H, by (16), we obtain (u ∧ v ∧ w)x ∈ H.
Next, from (u∧ v∧w)x ⊢ y and (u∧ v∧w)x ∈ H, applying (14), we deduce
(u ∧ v ∧ w)xy ∈ H. Now, from (u ∧ v ∧ w)xy 6 zt and (u ∧ v ∧ w)xy ∈ H,
according to (15), we conclude zt ∈ H, whence, by (13), we get z ∈ H. So,
(13)–(16) imply (17). Hence H is f -closed.
Consider on (G, ·,∧,⊢) the binary relation χ0 defined as follows:
(g1, g2) ∈ χ0 ←→ g2 ∈ 〈g1〉,
where 〈g1〉 is the f -closure f({g1}) of {g1}.
Proposition 7. The relation χ0 is the smallest relation among left regu-
lar and right negative quasi-orders ⊏ defined on (G, ·,∧, δ), containing the
natural order 6 on the semilattice (G,∧), and satisfying the conditions
g1 ⊢ g2 −→ g1 ⊏ g1g2, (18)
g ⊏ g1 ∧ g2 & g ⊏ (g2 ∧ g3)x −→ g ⊏ (g1 ∧ g2 ∧ g3)x, (19)
where g1, g2, g3, g ∈ G, x ∈ G
∗.
Proof. First observe that χ0 is a quasi-order. Since x ∈ 〈x〉, we have (x, x) ∈
χ0 for any x ∈ G. If (x, y) ∈ χ0 and (y, z) ∈ χ0 , then y ∈ 〈x〉 and z ∈
〈y〉, whence we obtain z ∈ 〈x〉. So, (x, z) ∈ χ0 . Thus χ0 is reflexive and
transitive, i.e., it is a quasi-order on G.
Now, we show that
zf(H) ⊂ f(zH) (20)
for any subset H ⊂ G and any element z ∈ G.
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In view of Proposition 3 it is sufficient to prove that
zFn(H) ⊂ Fn(zH) (21)
for each n = 0, 1, 2, . . .
For n = 0 this inclusion is obvious. Suppose that it is true for some
n > 0. To prove it for n + 1 consider an arbitrary element g ∈ zFn+1(H).
Then g = zg1 for some g1 ∈ Fn+1(H). But for any g1 ∈ Fn+1(H) there are
u, v, w, x, y, t such that
(u∧ v∧w)x ⊢ y, (u∧ v∧w)xy 6 g1t, u∧ v ∈ Fn(H) and (v∧w)x ∈ Fn(H).
Since the relation ⊢ is left ideal, from (u∧v∧w)x ⊢ y we get z(u∧v∧w)x ⊢ y,
whence, using (1), we obtain (zu∧zv∧zw)x ⊢ y. Next, from (u∧v∧w)xy 6
g1t, in view of the stability of 6, we deduce z(u ∧ v ∧ w)xy 6 zg1t, which,
by (1), gives (zu ∧ zv ∧ zw)xy 6 zg1t.
Clearly, u ∧ v ∈ Fn(H) and (v ∧ w)x ∈ Fn(H) imply z(u ∧ v) ∈ zFn(H)
and z(v ∧ w)x ∈ zFn(H), whence, by (1), we obtain zu ∧ zv ∈ zFn(H) and
(zv ∧ zw)x ∈ zFn(H). This, according to (21) and our assumption on n,
gives zu ∧ zv, (zv ∧ zw)x ∈ Fn(zH).
So, we have (zu ∧ zv ∧ zw)x ⊢ y, (zu ∧ zv ∧ zw)xy 6 zg1t, zu ∧ zv ∈
Fn(zH) and (zv ∧ zw)x ∈ Fn(zH), which implies zg1 ∈ Fn+1(zH), i.e.,
g ∈ Fn+1(zH). This means that the implication (21) is true for n + 1.
Consequently, it is true for every n ≥ 0.
Therefore
zf(H) = z
( ⋃
n∈N
Fn(H)
)
⊂
⋃
n∈N
Fn(zH) = f(zH),
which proves (20).
Now, we can verify the properties of the relation χ0 . At first observe that
if (x, y) ∈ χ0 , then y ∈ 〈x〉, whence, by (20), we obtain zy ∈ z〈x〉 ⊂ 〈zx〉.
Thus, zy ∈ 〈zx〉, i.e., (zx, zy) ∈ χ0 . So, χ0 is left regular. Moreover, if
(z, xy) ∈ χ0 , i.e., xy ∈ 〈z〉, then x ∈ 〈z〉, by (13). Hence (z, x) ∈ χ0 . So, χ0
is right negative. It also contains the natural order of a semilattice (G,∧).
Indeed, if g1 6 g2, then
(g1 ∧ g1 ∧ g1)e ⊢ e, (g1 ∧ g1 ∧ g1)ee 6 g2e and g1 ∧ g1 = (g1 ∧ g1)e = g1,
whence it follows g2 ∈ F1({g1}). As F1({g1}) ⊂ f({g1}) = 〈g1〉, by Proposi-
tion 3, from the above it follows g2 ∈ 〈g1〉, i.e., (g1, g2) ∈ χ0 .
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To prove (18) assume that g1 ⊢ g2 for some g1, g2 ∈ G. Then
(g1 ∧ g1∧ g1)e ⊢ g2 & (g1∧ g1∧ g1)eg2 6 g1g2e & g1∧ g1 = (g1 ∧ g1)e = g1,
whence g1g2 ∈ F1({g1}) ⊂ 〈g1〉. Thus (g1, g1g2) ∈ χ0 . So, χ0 satisfies (18).
Now, let (g, g1 ∧ g2) ∈ χ0 and (g, (g2 ∧ g3)x) ∈ χ0 , i.e., g1 ∧ g2 ∈ 〈g〉 and
(g2 ∧ g3)x ∈ 〈g〉. Since 〈g〉 is f -closed, the last, according to (16), implies
(g1 ∧ g2 ∧ g3)x ∈ 〈g〉, whence (g, (g1 ∧ g2 ∧ g3)x) ∈ χ0 . This means that χ0
satisfies (19). So, χ0 satisfies all conditions mentioned in Proposition 7.
Observe that for every g ∈ G and an arbitrary relation ⊏ satisfying all
conditions of Proposition 7, the ⊏-filter χ〈g〉 containing the element g is
an f -closed set2. Indeed, if the premise of (10) is satisfied, then for some
x, y, t ∈ G∗ and z, u, v, w ∈ G we have (u ∧ v ∧w)x ⊢ y, (u ∧ v ∧w)xy 6 zt,
u ∧ v ∈ χ〈g〉 and (v ∧ w)x ∈ χ〈g〉. From (u ∧ v ∧ w)x ⊢ y, by (18), it
follows (u ∧ v ∧ w)x ⊏ (u ∧ v ∧ w)xy. From (u ∧ v ∧ w)xy 6 zt, we obtain
(u ∧ v ∧ w)xy ⊏ zt since the semilattice order 6 is contained in ⊏. Thus,
(u ∧ v ∧ w)x ⊏ (u ∧ v ∧ w)xy ⊏ zt which, by the transitivity of ⊏, gives
(u∧v∧w)x ⊏ zt. Since ⊏ is right negative, the last implies (u∧v∧w)x ⊏ z.
But by (19), from u∧v, (v∧w)x ∈ χ〈g〉 it follows (u∧v∧w)x ∈ χ〈g〉. Thus
g ⊏ (u ∧ v ∧ w)x. Consequently, g ⊏ z, i.e., z ∈ χ〈g〉. So, χ〈g〉 satisfies the
condition (10). Hence, it is f -closed.
Now let (g1, g2) ∈ χ0 , i.e., g2 ∈ 〈g1〉. As χ〈g1〉 is f -closed and g1 ∈ χ〈g1〉,
we have
〈g1〉 = f({g1}) ⊂ f(χ〈g1〉) = χ〈g1〉,
which means that g2 ∈ χ〈g1〉, i.e., g1 ⊏ g2. So, χ0 is contained in ⊏. Thus
χ0 is the smallest relation satisfying all conditions of Proposition 7.
Using the above results we can prove the main theorem of this paper.
Theorem 7. An algebraic system (G, ·,∧,⊢), where (G, ·) is a semigroup,
(G,∧) is a semilattice, ⊢ is a binary relation on G, is isomorphic to a
∩-semigroup (Φ, ◦,∩, δΦ) of transformations if and only if δ is a left ideal
relation on a semigroup (G, ·), and the following conditions
x(y ∧ z) = xy ∧ xz, (22)
(x ∧ y)z 6 yz, (23)
(x, x ∧ y) ∈ χ0 −→ x 6 y, (24)
(x, xy) ∈ χ0 −→ x ⊢ y (25)
2We denote by χ〈g〉 the set of all elements h ∈ G such that g ⊏ h.
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are satisfied for all x, y, z ∈ G, where χ0 is as in Proposition 7 and 6 is the
natural order of the semilattice (G,∧).
Proof. Necessity. Let P : G → Φ be an isomorphism between (G, ·,∧,⊢)
and (Φ, ◦,∩, δΦ). Then, obviously, P (xy) = P (y) ◦ P (x), P (x∧ y) = P (x)∩
P (y) and x ⊢ y ←→ (P (x), P (y)) ∈ δΦ for all x, y ∈ G. Consider the relation
χP defined on G as follows:
(g1, g2) ∈ χP ←→ (P (g1), P (g2)) ∈ χΦ,
i.e., (g1, g2) ∈ χP ←→ pr1P (g1) ⊂ pr1P (g2). Clearly, the algebraic system
(G, ·,∧, χP ,⊢) is isomorphic to (Φ, ◦,∩, χΦ, δΦ), hence it satisfies all the
conditions of Theorem 5. Therefore, according to Proposition 7, χ0 ⊂ χP .
Conditions (22), (23) follow from Theorem 5 and Proposition 2. To prove
(24) let (x, x ∧ y) ∈ χP . Then (P (x), P (x) ∩ P (y)) ∈ χΦ, i.e., pr1P (x) ⊂
pr1(P (x) ∩ P (y)) ⊂ pr1P (x), whence pr1P (x) = pr1(P (x) ∩ P (y)). But
P (x) ∩ P (y) ⊂ P (x), so, the last implies P (x) ∩ P (y) = P (x), which is
equivalent to P (x ∧ y) = P (x). Consequently, x ∧ y = x, i.e. x 6 y. This
proves (24).
Now let (x, xy) ∈ χ0 , then (x, xy) ∈ χP . Therefore (P (x), P (y)◦P (x)) ∈
χΦ, i.e., pr1P (x) ⊂ pr1(P (y) ◦ P (x)), whence, according to (4), we obtain
(P (x), P (y)) ∈ δΦ. Thus, x ⊢ y. Condition (25) is proved.
Sufficiency. Let (G, ·,∧,⊢) satisfy all the conditions of our theorem.
Proposition 7 shows that the relation χ0 is a left regular and right negative
quasi-order satisfying (18) and (19) and containing the natural order of the
semilattice (G,∧). From (18) and (25) it follows that x ⊢ y ←→ (x, xy) ∈ χ0
for all x, y ∈ G. Thus, (G, ·,∧, χ0 ,⊢) satisfies all conditions of Theorem 5
whence it is isomorphic to some ∩-semigroup (Φ, ◦,∩, χΦ, δΦ) of transforma-
tions. Hence (G, ·,∧,⊢) is isomorphic to (Φ, ◦,∩, δΦ).
The implication (24) can be rewritten to the form:
x ∧ y ∈ 〈x〉 −→ x 6 y,
which, in view of Proposition 3, is equivalent to
x ∧ y ∈
⋃
n∈N
Fn({x}) −→ x 6 y,
i.e., to the system of conditions (A′n)n∈N, where
A′n : x ∧ y ∈ Fn({x}) −→ x 6 y.
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According to Proposition 4 the condition A′n is equivalent to
An : Mn(x ∧ y, {x}) −→ x 6 y,
where Mn(x∧ y, {x}) means the formula (11) with z = x∧ y and H = {x}.
So, the implication (24) is equivalent to the system of conditions (An)n∈N.
Similarly, we can show that the implication (25) is equivalent to the
system of conditions (Bn)n∈N, where
Bn : Mn(xy, {x}) −→ x ⊢ y.
Thus we obtain the following
Theorem 8. An algebraic system (G, ·,∧,⊢), where (G, ·) is a semigroup,
(G,∧) is a semilattice, ⊢ is a binary relations on G, is isomorphic to a ∩-
semigroup (Φ, ◦,∩, δΦ) of transformations if and only if ⊢ is a left ideal rela-
tion on a semigroup (G, ·), and the system of conditions (An)n∈N, (Bn)n∈N,
as well as the conditions (22) and (23) are satisfied.
6. From Theorem 6 and results proved in Section 5 it follows that ad-
dding (8) to the conditions of Theorem 5, 7 and 8 we obtain an abstract
characterization of ∩-semigroups (Φ, ◦,∩, δΦ) of invertible transformations,
as well as projection ∩-semigroups (Φ, ◦,∩, χΦ, δΦ) of invertible transforma-
tions.
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